
 

Lecture 5 Quasi categories via spines corrected

Quasi.categories are categories with

qualities replaced by coherent homotopies



Recall the nerve functor Ni sSet given by

Neh Gt n E commutative n.simplices in と

We can characterise the essential image of N using spines

Df Fix n I For IE IE i write で 卬 熱 not standard notationo ー っ i 1

Then the spine of が is the union of で s

More precisely it is the simplicial subset ご of で given by

ミ
m の m n の factors through で 1 n for some i

e.g ミ ニ ミ2 c 2 三3 c 3

一 嚙 鼷齒



FI X E SI is of the form XE Ne for some t.EE iff
Un I 三 ts X

I
on
釘

爪

に听 ば MENと や 川 で t MT E

i
Ne any commutative n.simplex in E

Homotopitying this characterisation yields
the notion of quasi category

replacing uniqueness up to equality

by uniqueness up to coherent homotopy



What should we mean by a homotopy in this context

When we were using simplicial sets to model spaces a homotopy X jywas a map H Xx y

But now we are thinking of simplicial sets as category.like things so

Xx Y looks like a natural transformation

A homotopy Hif.g shouldwitness that ft g are similar so the closest notion

in category theory is that of natural isomorphism

Df We write J for the nerve of 0 1 e I OJ for sk J に dad

A homotopy H fog between fg X Y in は is

H

xj_ys.t.ltt.co f 4 Hに 1 g



sei x
Now let's make precise 宝nique up to coherent homotopy

which is just i 督There are three parts 1 existence

2 uniqueness up to homotopy

3 coherence of homotopics

For 2 let's first rephrase the usual uniqueness as follows

given fg T X with fi gi we have たg

Now replace equalities by homotopies

given fg T X with fin gi we can extend this homotopy to fry



2 Given fg T X with fin gi we can extend this homotopy to fry
Tx dj x s.j x Txj

We can express this statement as Tx OJ 5 5 が X

t.TT

さ
SxOJ Sx J

where thismap denoted as な な I Gaj is induced by 品
It's called the Leibniz productGushout product of si T dJ j



3 a coherence homotopy for each equality that holds in the strict case translates to

the homotopy fog is unique up to homotopy

This is unique up to homotopy
年this is

Ex
This amounts to asking fr lifts た for repeated Leibniz products

si T I OJ D I I OJ J

は_i For a set U of morphisms in SI we write

y s が I Ojosが lieu nz o

often denoted MU
Ex

生 A quasicategory is a simplicial set X st 姿 any spine
in X

can becompleted
to a unique simplexfor all fe だ い じ Inは U がい が では 町 にす up to coherent homotopy

can transferthingsこさ Me is a quasicategory for any EEG along homotopies



The RLP w.int Old 0 I Os J says

given n simplex t homotopy on bday can extend it to homotopy on nsimplex

fox
I
a

ie We can transfer n simplices along
homotopies



The following Joyal model structure on Et captures the homotopy theoryofquasicategorieseveryobject is ofbrant.cofibrations monomorphisms

ご い In 2 o と es E I ぱ ーっJ n z o generates trivial cofibration5
で 北

in a suitable sense in particular fibrant beets quasi categories

Both quasi categories the Joyal model structures are usually defined using

inner horns rather than spines Come to Lecture 6 fr more

型 XxJ is a cylinder Get for any X E SI in this model str

So
given

a map f between quasicategories
few f is a homotopy equivalence w.int J

Since homotopies w.int J are like natural isomorphisms homotopy equivalences mrt.J

are like equivalences of categories



Recall the homotopy coherent nerve functor
homotopy coherent simplex givenby

Nhc is It.Cat 一 つ

SIR一 か see 如かんな いり こ 熒 iei

f is j

If K X Y is a Kan complex for all XY EK then Mdk is a quasicategory

full simplicial subcat of c
e.g Nhc KI is a

quasicategory This is the a
category of spaces and

it's the homotopical counterpart of the ordinary category 無

In fact E 書図 Gt becomes a Quillen equivalence if we equip

SI with Joyal model str

Eet.Eat with Bergner model str



In the Bergner model structure on Et

F K L is in W if
it's surjective on objects up to homotopy equivalence

and

Fx k X Y L FX FY is a weak homotopy equivalence

K is fibrant it k xx is a Kan complex for all

X.YEK.skis of brant iff it's free in a suitable sense

So the Bergner model structure hence the Joyal model structure captures
the homotopy theory of spaceenriched categories



恥 嶇 嚈 烑 坿 甌
a particular instance of general theory due to Cis inski This theory takes

category E A in our case

object JE ど 生 representing
homotopies た NG

algebraic operations t conditions encoded as maps in ど 生
E E binary composition

ご い 3
ternarycomposition associativityYi

EI gives
back a model structure on で E in which

cofibrations monomorphisms

homo
topics are defined

w.r.t.J.fibrant objects objects in which

we have operations subject to
conditions as above

defined satisfied
up to

coherent homotopy

we can transfer things along homotopics
It's actually moregeneral


