
 

Lecture 4i Homotopy coherent nerve

に functors should
preserve

homotopies rather than qualities



We want is.categories to be category like structures that can deal with homotopies

So maybe we can take i categories model
categories

This works for some purposes but obviously functors も Quillen adjunctions

We want to define as categories in such a
way
that the natural notion of morphism

we automatically obtain is that of a functor

So let's think about what an es.functor Fit 0 should do

In particular when と is something really simple like

II or t.it
what should commutative

squares
cubes in D look like



Recall the fundamental
group

た xx f I X int k k B
endpoint.preserving homotopy

Here we're quotienting by homotopy to make の Xx into a groupie
setbased str

But really the natural thing to consider in the space based context is

曜 Let X eEp and tell The loop space on the pair Xx is the set
we'll write a ten X D f I X int G fc x

equipped with suitable
topology

if O E SE にWe still have the multiplication y s ド2

8125 1 if y.es
but it's NOT

associative in the usual sense hag f h gf are homotopic as
maps

I X

which translates to a path in RX



These paths assemble into a homotopy which witnesses associativity

idxxnxx.mxa six xsx
h.g.fi っ h.y f

xid 豸𡵅
ん

𥱤 u

h G f

fghvhig.fi は jf
axa が

We can visualise the composites as trees and the homotopy

as a deformation of one tree into the other

で は w 箔
the

て



We also have a homotopy between homotopies witnessing coherence of associativity

𤺋 準1
t.io

が璞

餝

な

and homo
topics between

homotopies between
homotopies etc



Why do we want coherence

An equality A B is useful because we can transfer our understanding of A
B along it vice versa

When dealing with spaces we are using
homotopies

instead of qualities so

we want the homotopics to be useful in the same way
we want to transfer things along howtopies
without worrying

about
anything

his particular coherence が witnesses that the two paths from警 t

obtainedusing instances of II via st via Ti are equivalent so that

we can transfer things without worrying about which path we took

In general we want a coherence homotopy for each equality that is trivially satisfied

in the strict case This ensures that the homotopies behave as much like equalitie

as possible without actually being equalities



So we want as_functors to preserveCoherent
homotopies

Model categories are not well suited for supporting such maps

et

I 1
41 t

e.g The associativity T
looks like

I Ii

The coherence が involves taking five instances of はし composing
them

using more cylinder objects which are then connected via G1 GK

If we are only interested in mapping
small categories E into M we can talk about

e.g homotopy w limits by considering suitable model structures on EM

Working in H M is no good either because we can't talk about coherence



Maybe the problem was the lack of direct access to homotopies

We can solve this
using

enrichment

甠 Let It be a category
with finite products More generally we can

A た enriched category A
is Comprised f enrich over

any
monoidal

category で
a collection b t of objects

a horn.object hadA B EV for A Booby
composition hadB C x home A B home A C for A.B Ceo b H

unit 1 hadA.A for AE b t

satisfying unit associative laws

e.g.SI is enriched over itself the internal horn XY et is givenby
X Y n

s I X x d Y

In particular k Y ESI X Y f X Y is the set of homotopies
f
internalhorn

を can also be enriched over SI H he X Y Sing 1 x y in を



Both SI 4 を are simplicial model categories
which essentially means that

the simplicial enrichment at the model str capture the same homotopy theory

So if we set as categories 啞 enriched
categories at least we can

directly talk about howtopies

However to get homotopy
coherent squares

cubes we have to map
out of

飋蒾 or

薄獣
た が means human 年

Does specifying the shapes of naturally occurring diagrams have to be this complicated

Do we still not have enough structure



Actually the problem is that we've got too
much structure

Simplicial categories
remember equalities between morphisms so the natural morphisms

between them ie simplicial functors also preserve
those qualities

But if cs.categories only remembered howtopies so that qualities are treated

just like any other homotopy
then a functors from the ordinary commutative

square cube
should correspond precisely to homotopy coherent squares cubes

So now our goal is to come upwith
a
way to turn simplicial categories

into

something that remembers objects morphisms El higher homo
topics but not equalities



The nerve functor N E is The homotopy coherent nerve functor

given by Me i Sent.CI es se is given by

Neh E D t We k n 啞 た ED K

tere the commutative n simplex n has Here the homotopy coherent n.simplex fln

objects 0，1 n t has objects 0，1 n 4

home i j
if i sj

home i j
it is j

0 if i sj 0 if ii

e.g 2 simplex なす witnesses eg 2 simplex やヽ
_

witnesses

homotopy gf uhequality gf h



What should home i j be for ie j
ins it In it3 j etc

We want nothing to commute strictly so different paths from it j should

ずに いと to different morph em i j

な

ke S や thepath visits k
0 simplices es sets S sit i j c S c i it j

Composition is given by taking the union

These 0 simplices can be arranged into a j i 1 dimensional cube

eg 0 3 o l
L axes corresponding to i k j

0.2.3 O1.2.35 homotopies behave asmuch like qualities as possible

Now we also want everything to commute up to
coherent

homotopy which

in this case translates to home i j honey ij
nerve ofSo we set home i j

feigning
for に J s l i.i c s c i i が i

ordered by
inclusion



So do we really get homotopy
coherent

squares
cubes easily

Let's consider h 制 By afunction this transposes to E K

NG GT ED ー っ E

Since E sends the pushout L to a pushout 1 1
2 な心

国
か ーっ EGG

where ED 0 1 and to 高 we have E に 番
The diagonal horn of E looks like

い

た V1 が W

responding to in the case of a
も

譿

V Y W Y

Y


