





































































































Lecture 3 Model categories

CW complexes and Kan complexes

support equivalent homotopy theories








































































































D2 c s D2
Consider if I Ii in を

CT S ー っ

The vertical
maps are all weak htpy g

but if we take the pushout of each row
we get non equivalent spaces

if

Using the language of model categories we can deal with these seemingly ill.behave

equivalences and make precise e.g S2 is the right pushout




























Ii Let M be a category with small limits of colimits

A model structure on M consists of three classes of morphisms called

weak equivalences w determine the homotopy they

cofibrations t
facilitate computation

fibrations Y ー っっ

satisfying 1 4

weak equivalences are the

Tape

about は 咷 物 が 𤭯
and the axioms ensure that they indeed

behave like equivalences

11 If g f g and few then g Ew
し V

s
し 5 s

し

if w ニ so I then g IF
2 Given か が if twoof t.g.gl are in W then so is the last

2 outof 3 property



Although we are only interested in CM complexes Kan complexes these objects are NOT

closed under the sort of things we want to do e.g taking co limits in 耳に血
So we'll work in 耳に血 d use the model structure to capture the niceness of Cwa Kan

Cw complexes are built as colimits of disks
So it's easy to construct maps out of them た が
Kan complexes have the dual

property i
さ

it's
easy to construct maps into them by

definition

In the language of model categories
CW complexes are cofibrant and

o Kan complexes are fibrant precise definitions in a fewslides



Cofibrations are maps
with a relative version of easy.to map.outof propery.ieit's easy to extend maps doing

them

g
ー っ

t.ir
Dually fibrations have a relative version of easy to map.into property
i.e it's easy to lift maps through

them

can
extend a map

defined

on a subset to the whole set
Can alwayspick apoint in thepreimage

lGfibrations are likeinjections and fibrations are like surjective



1生 Let fg be morphisms in M If every commutative square of the form

う simultaneously extending the

f unique composite dong f
and lifting it through gadmits a diagonal lift we say

f has the left lifting property LLP w.int.g and

g
has theright lifting property RLP w.r.tt

trivial acyclic fibrations 7
V

3 e maps with LLP wirt all maps in た が
theselifts trivially

trivial acyclic cofibrations exist uptohtpySV
7F maps with RLP nut all maps in Endow

v

It follows from 11 4 3 thet en wet jaw can be

similarly characterised by lifting properties



4 Any map f in M admits factoris ations of the form

approximation offでWf 7 E
and

な 7 て E
た が

by cofibration
7 f 7 f
f f

In most cases these factoris ations can be chosen functoridk lf well
が

訕進 a
を se

classical Quillen classical Kan Quillen canonical fork

w weak Hpy g
weak htpy g

equivalences

D o

RLP wrt l R LP wt R LP wrtt I
心がx I

eye as
e

isofbrations

e LLP wrt Jn W mo nomorphisms injective on objects



Dfi X EM is

a cofibrant if o x is a afbration
e.g Cw.ex in亙

easy to map out of

の fibrawl if X l is a fibration
easy to map into

e.g Kan ex in SI
A cofibrant replacement of X Ell is ofbrant QXE M tlw QX EX

A fibrant replacement fibrant RX ell

tlwxtsRX.be1た
any XEM.by 4 we can always construct

RX
and

is In general.Q

9 10day are functor

allた とし only uptohtpy.msCan extend Q4 R to morphisms e.g QX X f Y

Any X ell is connectedby a zigzag of weak q.to
an object that is both fibrant def brant

O は 一が X
で
RQX

i



In a model category the notion of homotopy makes sense

咀 Let X.YEM 4 if
川
に

A cylinder feet for X is a factoriset in XIX
gig x

e.g Xx I in を Xx in

SI.ttA path object for Y is a factorisa t.in
y灇 y

Let fg X Y in M曜
A left homotopy from f to g is a choice of Gl X ta
a map G1 X や Y si Hi if Hi g ft g
A right homotopy from f to g

is a choice of Path tlw
a
map X

や Path Y s.t.pk ftp.kg.fi g

Obse𦥯 fdg hf thy
fig fk で gk

for や 声 で



If X EM is ofbrant and Y Ell is fibrant then E E agree

on M X Y and moreover it's an equivalence relation We'll just write
in this case

whtehgff.ec with My both fibrant ofbrant

Then few iff f is a homotopy 9.2g y x s.t.gfnidxstfg

idy.fiThe homotopy category Hoth is obtained from M by

a

restricting to the fibrant 4 of brant obeets and

quotienting the hoursets by

I There is a functor が M H M given by
8 x f y RQX

には31 が htpyclass containing Rat

few 8世 が が だが

かど
ば川 がで

8 is universal
among

those functors M E that Send
How is the

weak equivalences to isomorphisms
M で H localisation of

Mat W



What's the right notion of morphism between model categories

If we just want FM N to induce HoCM H N

then F simply needs to preserve
weak q but such F can mess upymputat.io

us

Here's a hint Recall Coltbrations facilitate computation

区と Consider an adjunct in E た D andmorphisms f A B in と 4

g X Y in D Then there is a bijection

A GX

っ Gy
any

A x
1Gg Ffl Igin と

FB y
and either admits a diagonal lift iff the other does Consequently

f has LLP wire Gg Ff has LLP w.r.t.gr



生 An afunction between model categories M 甚 N is
Quillen adjunctions

present howtopicalY
a Quillen afunction if

Gpreserves
だ t.is

の F preserves at rations and した
がい た

1fge.no

G preserves
fibrations

Fpreserves で F is left Quillen G is rightQuillen
tin cot

O

て A Quillen afunction M c雩 r induces an adjunction Hold藩1叨
し derived
functors

e.g.se薄耳 In fact it's an example of a Quillen equivalence

I A Quillen equivalence is a Quillen afunction Ft G

s.t.fiが GYEWu f FX Y e Wi
transpose off

型 IF a RG is an adjoint equivalence if Ft G is a Quillen equivalence


