
 

Lecture 2 Spaces as Kan complexes

By spaces we mean Kan complexes

up to
weak homotopy equivalence



Lady By spaces we mean CW complexes up to
weak homotopy equivalence

detected by My groupssimplicial set today
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The category of simplicial sets is 進 が EJ

The representable A 一 n is denoted by が

Notatintermindgy

For X Es丘 and n 0 we write Xn X D

An element seeXn is called an n.simplex in X

By Yonela REX as 0 X XN Xn Xm

For の m n we denote the image of xe Xn under the finofの by
a の X のりいり

consistent with LT や 心 が X
we also have がの p x 1のp



We'll think of n o l cry as a combinatorial representation of
the topological a simplex は1 but directed i.e equippedwith ordering on vertices

eg o I 2 3
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Jf A morphism in A is called degenerate if it is NOT injective

The simplices that
appear

in the pictures are preciseと the non degenerate ones

injective
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II i Let XE SI We say x E Xn is degenerate if the exist

y E Xk x really comes from
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we dimensionの n k
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Tris is consistent with the previous
definition

Pi n m is not injective Es B factors as n k m for some k an

p is degenerate as an n simplex in で

訓がな茸 こた n X esets can be written uniquely as に で の

where の n k is surjective and y E Xk is non degenerate

The non degenerate simplices are the ones that really matter



To construct Tn xx of Xe Ep we had to talk about S
The corresponding object in SI is たがいX st Hsm is constant at x

甠 The boundary Old of が is the simplicial subset given by

GE m の m n in D 1 の is NOT surjective

So the non.deg simplices in Old are precisely the non.identity injective maps into n

e.g o 2 E

塧 癥讁
do do do do

にいけ o iz 痰慼



咀 i Let n21 and O Ei En By the i th face of we mean the map
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In general the boundary do is the union ofthe faces

More precisely の m n is in 00 if it factors through n 1 も n for some c



Recall that in Y we were only interested in CW.ex built by attaching cells

In SI everything is CW complex.like in the following sense

the simplicial subset given by

恐い
simplices

comingfrom dimensioned

Convention is k X 0

e.g ON skin 心
empty 次 驂

FI Any X es I can be written as X aol.in skilN ask.CN ask X ask.MU

Moreover for each do the following square is
a pushout

coproduct It d ska X
over non deg Id simplices 上が ridin X



On the other hand the homotopy groups are harder to define for simplicial sets
than for topological spaces

甠 Let fyi X Y in は Then a homotopy Hif ng is a
map H xd
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L it xxo や y

Given XESI4 ee X we want y
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広 X x HEX If foi a endpoint.preserving homotopy

But how do we concatenate two loops

If there is a 2 simplex in X like も前座
な
then it seems reasonable to set gath

but we don't always
have such a 2 simplex

So we'll restrict our attention to Kan complexes simplicial sets with enoughsimplices

so that e.g any can be completed to 豳
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The k th horn Nk is the union of i th faces of E for it k

More precisely
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Df X e 然 is a Kan complex if any horn in X can be filled to a simplex
ie Un Uk べ ー
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Topologically we may interpret the horn.filling
condition for arbitrary X et as i

given n many
いりsimplices in X forming an n 1 disk

we can find a single n i simplex representing a disk with the same boundary

together with a boundary preserving homotopy connecting the two disks

i.e we can paste simplices



FI For a Kan complex X x EX and n I In 1 や 0

を xx f eXn l t.ci が 0で 竹Ady.preserving homotopy
is a group Moreover た Xx し た M x

呕 A map f X Y in It is a weak homotopy equivalence if If I M M is

a weak homotopy equivalence in を equivalently if

of induces a bijection between connected components and

な例 広 がり ーっ 広 けいたい isYET This 逖が nil all

xexo.FIAny homotopy equivalence is a weak homotopy equivalence
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between Kan complexes is a homotopy equivalence

Nextgen The afunction 亙る粛然 exhibits the homotopy theory of

CW.complexes that of Kan complexes to be equivalent



If we only care about non degenerate simplices why does A have to Extra
contain all orderpreserving functions rather than just injective ones

Consider the product note X x Y n 11 xた Its non deg simplices are
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Of these simplices come from

O.O 1.0

If we replace A by the injectiveonly version

the corresponding product looks like
に川
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So we need degenerate simplices to get the correct product



For a Kan complex X f x EX we define the multiplication in を Xx

by filling で given t.g.sc が M
など
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Observe that if 斝が T 㷀 h k y underthe action of
2 f

since we we can complete it to a homotopy
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Using this fact d filler for M we can prove
the

uniqueness of composite

が 聖 間 till た薬1 f 趙

Ex選 Prove that た Xx is indeed a
group


