





































































































Lecture I Spaces as CW complexes

By spaces we mean CW.complexes

up to
weak homotopy equivalence

when do we

want to think

of twospaces
as thesame








































































































A Cw.complex is a topological space
built from simple building blocks

Ef D に い た ER I it x i E l

で こ いいいい e Rn I が で

disk

sphere

S f c D0 5 c D s'c D2e.g

一 脈
曜 A CW complex is a topological space X that can be written as

X olim x N X
Is Xin 〇を where X 0 and each バーバ is l n cells don

ne

な

f pushout of a cop
duct of が 一 D 品い

が

in boundary

t.gg
e.g N X X2

sological

aces and

retinas で 0𥱤auctions



H witnesses that咀 Let fyiX Y in を
fdg are similarA homotopy H fy is a cts map

Heel unit in asijken.ee
0，1 with usual topology

s.t.HG.co feel HG 1 g x 0

然 f X Y in を is a homotopy equivalence if there exist
g と ー っX in Epd howtopies Hi gfnidx.kfjn.ly

Any homeomorphism is a htpy g
but there are

many morehtpyeq.e.g.fio ゝ I K fg nil given by K s.tl st

Homotopy equivalences
between Cmc x can be detected by homotopy groups



H witnesses thatDf Let Xe な and x e X

lieThe fundamental group of the pair Xx is as loops in X

based at x
た x が

tjxbasdrrrhopped
f I X with
flol if 1 x

Hi Ix I X at

H1 0 f

H t.tl is a loop at x forall

t.FIを Xx is a
group

は は は

iii

left 8 25 1 if な Es E l
equivalence class

containing g.pro 8uyFD8 付



た counts the number of i.dimensional holes so て 5 と Z but
Iた S is trivial suppressing the basepoint because

eg.i.j.e.ee any two choices wouldyield isomorphic groups

To count the higher dimensional holes we need higher homotopygroups
1生 Let X Ey x e X and n21

The nth homotopy
group of Xx is

on
5 x

をn X x D X in を st

Hsm is constant at x bound
ay.preserving homeyl

restriction

立た た Xx is a group
abelian for n 2 We always have 厷 ぐ と z

composition gtf
f g
分 Tl sent to x



facts た is a たいな
事

ー 笑
edgy of groupscategory of Xx s

If ヨ homotopy fng then 厷 f En g
で Every homotopy equivalence is a weak homotopy equivalence

注 f X Y in 耳 is a weak homotopy equivalence if
of induces a bijection between pathcomponents

ヨpath in が in X ヨpath た へ f が in Y
AND

YEY ヨx eX ヨpathfacing
r 広 な な Xx 一 広 となり is an isomorphism

for all xEX and for all nil

if gfnid then た g int En gf En d id

Whitehead's
Every weak homotopy equivalence between CW.complexes

is a homotopy equivalence



Todays By Spaces we mean Cm complexes up to weak htpy q

But really the space corresponding to a Cwa X just needs to remember
the
map D X d が x and how they fit together

I 1
what we use to construct Tn

These data can be packaged into a simplicial set sign
などに complex

Df The category A has

obj ordered sets n 0 l an for nzo and

mor
erdyeeseruenhg

functions between them

is j f i E Hj

The category of simplicial sets is the functor category

涇 が 約



Dfi For nzo the topological ns.ykx 41 is the convex hull in R of
0 0 1，0 0 0，1，0 0 0 0，1

noい a
z n

e.g
iii

ii

We can extend n 01 to a functor A y_
f m n f 01

linearextensionof
action on vertices

生 The singular complex functor is given by

Sigi年 血 ば 烈
X ー っ何 冖 を は1 X



which sendsた Sing has a left adjoint i 5丘 耳
に

geometricthe representable
realisation血 一 n

to the topological n_simplex lol

Sing X indeed remembers all D X S X since

に D and lol ES in を

well see don
が IN X E

gasX や x add SingInnext lecture
I I 1

in 年 in SI

Nate Forget about topological spaces and

do homotopy theory with simplicial sets



cocomplete

In general any
functor Fi A と induces an adjunction

坻 しな e
where RX の E F D X and L is an lesaying unique
cocontinuous extension of F Look

up freecocompletion This actually n
with any small category in placeof A

We'll think of n o l cry as a combinatorial representation of
the topological n.simplex か but directed i.e equippedwith ordering on vertices

eg o I 2 3

一 疹 鼷進
So F is specifying

what we mean by simplices in と RX の is the set of
copies of a simplex we can find inside X



For example we can obtain F A CI Y regarding each
n 0 k n

as a category is j there is a unique morphism is j

The right adjoint N CI se of the induced afunction is called

the nerve functor

Anelement of Ne n is a commutative n simplex in e which amounts to

a comp
sable sequence of n morphisms

Now we have seen simplicial sets coming from topological spaces
categories

The notion of _category
or more accurately quasi category will eventually get to

subsumes both of these


